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Abstract
In this paper we reconsider, for N = 8 supergravity, the problem of gauging the most general electric
subgroup. We show that admissible theories are fully characterized by a single algebraic equation
to be satisfied by the embedding Ggauge → SL(8, IR) ⊂ E7(7). The complete set of solutions to
this equation contains 36 parameters. Modding by the action of SL(8, IR) conjugations that yield
equivalent theories all continuous parameters are eliminated except for an overall coupling constant
and we obtain a discrete set of orbits. This set is in one–to–one correspondence with 36 Lie subalgebras
of SL(8, IR), corresponding to all possible real forms of the SO(8) Lie algebra plus a set of contractions
thereof. By means of our analysis we establish the theorem that the N=8 gaugings constructed by
Hull in the middle eighties constitute the exhaustive set of models. As a corollary we show that there
exists a unique 7–dimensional abelian gauging. The corresponding abelian algebra is not contained in
the maximal abelian ideal of the solvable Lie algebra generating the scalar manifold E7(7)/SU(8)
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1 Introduction
Supergravity theory was developed in the late seventies and in the early eighties in a completely
independent way from string theory. Yet it has proved to encode a surprising wealth of non
perturbative information about the various superstrings and the candidate microscopic theory
that unifies all of them: M–theory. [1, 2] Most prominent about the features of supergravity
models that teach us something about non perturbative string states is the U–duality group,
namely the isometry group of the scalar sector whose discrete subgroup U(ZZ) is believed to
be an exact symmetry of the non–perturbative string spectrum [1]. This viewpoint has been
successfully applied to the construction of BPS saturated p–brane solutions that provide the
missing partners of perturbative string states needed to complete U–duality multiplets [3, 4].
In particular in space–time dimension D = 4 an active study has been performed of BPS 0–
branes, namely extremal black–holes, for extended supergravities with 2 ≤ N ≤ 8 [5, 6, 7, 8].
These non–perturbative quantum states are described by classical solutions of the ungauged
version of supergravity which in the first two years after the second string revolution [1, 2] has
been the focus of attention of string theorists. Ungauged supergravity corresponds to the case
where the maximal symmetric solution is Minkowski space MMinkD and furthermore no field in
the theory is charged with respect to the vector fields, in particular the graviphotons.
Another aspect of supergravity that has recently received renewed attention is its gauging.
Gauged supergravity corresponds to the situation where the maximal symmetric solution is not
necessarily Minkowski space but can also be anti–de Sitter space AdSD and where fields are
charged with respect to the vectors present in the theory, in particular the graviphotons (for a
review see [9]). In gauged supergravity three modifications occur:
1. A subgroup Ggauge ⊂ Gelect ⊂ U is gauged, namely becomes a local symmetry. Gelect is by
definition the subgroup of the U–duality group that maps the set of electric field strengths
into itself without mixing them with the magnetic ones. As a consequence U–duality is
classically broken and only its discrete part U(ZZ) can survive non–perturbatively.
2. The supersymmetry transformation rules are modified through the addition of non–
derivative terms that depend only on the scalar fields and that are usually named the
fermion shifts ΣiA(φ). Namely we have:
δfermioni = . . . + ΣiA(φ) ǫ
A (1)
3. A scalar potential V(φ) is generated that is related to the fermion shifts by a bilinear
Ward identity [10]
δBA V(φ) = ΣiA(φ) ΣBj(φ)Mij (2)
where Mij is a suitable constant matrix depending on the specific supergravity model
considered and where the lower and upper capital latin indices A,B, . . . enumerate the
left and right chiral projection of the supersymmetry charges, respectively.
Recently it has been verified [11, 7, 12] that one can construct Mp–brane and Dp–brane solu-
tions of either D=11 [13, 14] or type IIB D=10 supergravity [15] with the following property:
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near the horizon their structure is described by a gauged supergravity theory in dimension
d = p+ 2 and the near horizon geometry [16] is:
Mh = AdSp+2 × MD−p−2 (3)
AdSp+2 being a notation for anti–de Sitter space and MD−p−2 denoting an Einstein manifold
in the complementary dimensions. Hence near the horizon one has a Kaluza–Klein expansion
on MD−p−2 whose truncation to zero–modes is gauged supergravity, the extension N being
decided by the number of Killing spinors admitted by MD−p−2 and the group Ggauge that is
gauged being related to the isometry group Giso of this manifold. For instance the simplest
example of M2 brane flows at the horizon to the geometry
Mh = AdS4 × S7 (4)
and in that region it is described by the SO(8) gauging of N = 8 supergravity, namely the de
Wit and Nicolai theory [17]. Furthermore, as it is extensively discussed in recent literature one
finds a duality between Kaluza–Klein supergravity yielding the gauged model and the conformal
field theory on the world volume describing the microscopic degrees of freedom of the quantum
brane.
In view of this relation an important problem that emerges is that of determining the precise
relation between the various possible gaugings of the same ungauged supergravity theory and
the near horizon geometry of various branes. In this paper we do not attempt to solve such a
problem but we have it as a clear motivation for our revisitation of the problem we actually
address: the classification of all possible gaugings for N = 8 supergravity.
Another reason for revisiting the gauging problem comes from the lesson taught us by the
N = 2 case. In [18], extending work of [19], we discovered that N = 2 supersymmetry can be
spontaneously broken to N = 1 when the following conditions are met:
• The scalar manifold of supergravity, which is generically given by the direct product
SK ⊗ QK of a special Ka¨hler manifold with a quaternionic one, is a homogeneous non–
compact coset manifold G/H
• Some translational abelian symmetries of G/H are gauged.
The basic ingredient in deriving the above result is the Alekseevskian description [20] of the
scalar manifold SK ⊗ QK in terms of solvable Lie algebras, a Ka¨hler algebra K for the vector
multiplet sector SK and a quaternionic algebra Q for the hypermultiplet sector QK. By means
of this description the homogeneous non compact coset manifold G/H is identified with the
solvable group manifold exp[Solv] where
Solv = K ⊕ Q (5)
and the translational symmetries responsible for the supersymmetry breaking are identified
with suitable abelian subalgebras
T ⊂ Solv (6)
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An obvious observation that easily occurs once such a perspective is adopted is the following
one: for all extended supergravities with N ≥ 3 the scalar manifold is a homogeneous non–
compact coset manifold G/H. Hence it was very tempting to extend the solvable Lie algebra
approach to such supergravity theories, in particular to the maximal extended ones in all di-
mensions 4 ≤ D ≤ 10. This is what was done in the series of three papers [21, 22, 8]. Relying on
a well established mathematical theory which is available in standard textbooks (for instance
[23]), every non–compact homogeneous space G/H is a solvable group manifold and its gener-
ating solvable Lie algebra Solv (G/H) can be constructed utilizing roots and Dynkin diagram
techniques. This fact offers the so far underestimated possibility of introducing an intrinsic
algebraic characterization of the supergravity scalars. In relation with string theory this yields
a group–theoretical definition of Ramond and Neveu–Schwarz scalars. In the case of N = 8
supergravity the scalar coset manifold E7(7)/SU(8) is generated by a solvable Lie algebra with
the following structure:
Solv(E7(7)) = H7 ⊕ Φ+(E7) (7)
where H7 is the Cartan subalgebra and where Φ+(E7) is the 63 dimensional positive part of
the E7 root space. As shown in [22] this latter admits the decomposition:
Φ+(E7) = Φ
+(E2)⊕ ID+2 ⊕ ID+3 ⊕ ID+4 ⊕ ID+5 ⊕ ID+6 (8)
where Φ+(E2) is the one–dimensional root space of the U–duality group in D = 9 and ID
+
r+1 =
Ar+2 the maximal abelian ideal of the U–duality solvable Lie algebra in D = 10 − r − 1
dimensions. In particular for the N = 8, D = 4 theory the maximal abelian ideal of the
solvable Lie algebra is:
max. abel. ideal → A7 ≡ ID+6 ⊂ Solv(E7(7))
dimA7 = 27 (9)
Therefore, relying on the experience gained in the context of the N = 2 case in [22] we have
considered the possible gauging of an abelian subalgebra Agauge within this maximal abelian
ideal. In this context by maximal we refer to the property of having maximal dimension. It
was reasonable to expect that such a gauging might produce a spontaneous breaking of super-
symmetry with flat directions just as it happened in the lower supersymmetry example. The
basic consistency criterion to gauge an n–dimensional subgroup of the translational symmetries
is that we find at least n vectors which are inert under the action of the proposed subalgebra.
Indeed the set of vectors that can gauge an abelian algebra (being in its adjoint representation)
must be neutral under the action of such an algebra. In [22], applying this criterion we found
that the gaugeable subalgebra of the maximal abelian ideal is 7–dimensional.
7 = dimAgaugeable ⊂ A7 ⊂ Solv(E7(7)) (10)
Yet this was only a necessary but not sufficient criterion for the existence of the gauging.
So whether translationally isometries of the solvable Lie algebra could be gauged was not
established in [22].
The present paper provides an answer to this question and the answer is negative. Namely,
we derive an algebraic equation that yields a necessary and sufficient condition for N = 8
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gaugings and we obtain the complete set of its solutions. This leads to an exhaustive classifi-
cations of all gauged N = 8 supergravities. The set we obtain coincides with the set of gauged
models obtained more than ten years ago by Hull [24] whose completeness was not established,
so far. In the classification there appears a unique abelian gauging and in this case the gauged
Lie algebra is indeed 7–dimensional. However this abelian algebra, named CSO(1, 7) in Hull’s
terminology is not contained in the maximal abelian ideal A7 since one of its elements belongs
to ID+5 .
So a question that was left open in [22] is answered by the present paper.
Having established the result we present in this paper the next step that should be addressed
is the study of critical points for all the classified gaugings, their possible relation with p–brane
solutions and with partial supersymmetry breaking possibly in AdS4, rather than in Minkowski
space. Such a program will be undertaken elsewhere.
The rest of the paper is devoted to proving the result we have described.
2 N=8 Gauged Supergravity
In this section we summarize the structure of gauged N=8 supergravity and we pose the clas-
sification problem we have solved.
2.1 The bosonic lagrangian
According to the normalizations of [25] and [8] the bosonic Lagrangian of gauged N=8 super-
gravity has the following form:
L = √−g
(
2R[g] + 1
4
ImNΛΣ,∆ΠFΛΣ|µν F∆Πµν + 14ReNΛΣ,∆ΠFΛΣµν F∆Πρσ ǫµνρσ
+2
3
gij(φ) ∂µφ
i ∂µφj − V(φ)
) (11)
The 28 1–forms AΛΣµ dx
µ = −AΣΛµ dxµ transform in the 28 antisymmetric representation of
the electric subgroup SL(8, IR) ⊂ E7(7). We have labeled these vector fields with a pair of
antisymmetric indices 1, each of them ranging on 8 values: Λ,Σ,∆,Π, ... = 1, . . . , 8. Other
fields of N = 8 supergravity are, besides the vierbein 1–form V a (yielding the metric gµν), the
gravitino 1-form ψA = γ5ψA and the dilatino 0–form χABC = γ5χABC (anti-symmetric in ABC).
The latin indices carried by the fermionic fields also range on 8 values A,B,C, .. = 1, . . . , 8 but
they transform covariantly under the compensating subgroup SU(8) ⊂ E7(7) rather then under
SL(8, IR). Furthermore we use the convention that raising and lowering the SU(8) indices also
changes the chirality projection of the fermion fields so that ψA = −γ5ψA and χABC = −γ5χABC .
The spectrum is completed by the 70 scalars φi that can be identified with any set of
coordinates for the non–compact coset manifold E7(7)/SU(8). As emphasized in [8, 22, 21] the
best parametrization of the scalar sector is provided by the solvable coordinates, namely by
the parameters of the solvable group to which the non–compact coset manifold is metrically
equivalent. This has been shown to be the case for the construction of BPS black–hole solutions
1For later convenience we have slightly changed the conventions of [8]
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of ungauged supergravity and it will prove to be the case in the analysis of the potentials for
gauged supergravity models. Yet at the level of the present paper, whose aim is an exhaustive
classification of the possible gaugings 2, the choice of a coordinate system on E7(7)/SU(8) is
irrelevant: we never need to specify it in our reasoning.
The only object which we need to manipulate is the coset representative IL(φ) parametrizing
the equivalence classes of E7(7)/SU(8). Just to fix ideas and avoiding the subtleties of the
solvable decomposition we can think of IL(φ) as the exponential of the 70–dimensional coset IK
in the orthogonal decomposition:
E7(7) = SU(8) ⊕ IK (12)
In practice this means that we can write:
IL(φ) = exp
(
0 φEFGH
φABCD 0
)
=
(
uΛΞAB v
ΛΞCD
v∆ΓAB u∆Γ
CD
)
(13)
where the 70 parameters φABCD satisfy the self–duality condition
3 :
φABCD =
1
4!
εABCDEFGHφ
EFGH (14)
As it is well known, the interaction structure of the theory is fully encoded in the following
geometrical data:
1. The symplectic geometry of the scalar coset manifold E7(7)/SU(8)
2. The choice of the gauge group Ggauge ⊂ SL(8, IR) ⊂ E7(7)
In this paper we focus on the second item of the this list. But before doing this we recollect
some information on gij, NΛΣ,∆Π and V(φ), that are determined by these two items.
Let us first recall that gij appearing in the scalar field kinetic term of the lagrangian (11) is
the unique E7(7) invariant metric on the scalar coset manifold.
The period matrix NΛΣ,∆Π has the following general expression holding true for all sym-
plectically embedded coset manifolds [26]:
NΛΣ,∆Π = h · f−1 (15)
The complex 28 × 28 matrices f, h are defined by the Usp(28, 28) realization ILUsp (φ) of the
coset representative which is related to its Sp(56, IR) counterpart ILSp(φ) through a Cayley
transformation, as displayed in the following formula [27]:
ILUsp (φ) =
1√
2
(
f + ih f + ih
f − ih f − ih
)
≡ C ILSp (φ) C−1
ILSp(φ) ≡ exp
[
φi Ti
]
=
(
A(φ) B(φ)
C(φ) D(φ)
)
C ≡ 1√
2
(
1 i 1
1 − i 1
)
(16)
2 the analysis of the corresponding potentials is postponed to a future publication
3 Here we have used the notation, φABCD ≡ (φABCD)∗
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The coset representative IL as defined by (13) is in the Usp(28, 28) representation. As explained
in [8] there are actually four bases where the 56× 56 matrix IL(φ) can be written:
1. The SpD(56)–basis
2. The UspD(28, 28)–basis
3. The SpY (56)–basis
4. The UspY (28, 28)–basis
corresponding to two cases where IL is symplectic real (SpD(56),SpY (56)) and two cases where
it is pseudo–unitary symplectic (UspD(56),UspY (56)). This further distinction in a pair of
subcases corresponds to choosing either a basis composed of weights or of Young tableaux. By
relying on (13) we have chosen to utilize the UspY (28, 28)–basis which is directly related to the
SU(8) indices carried by the fundamental fields of supergravity. However, for the description
of the gauge generators the Dynkin basis is more convenient. We can optimize the advantages
of both bases introducing a mixed one where the coset representative IL is multiplied on the
left by the constant matrix S performing the transition from the pseudo–unitary Young basis
to the real symplectic Dynkin basis. Explicitly we have:(
uAB
vAB
)
= S
(
W i
W i+28
)
(i, 1, . . . 28)
(17)
where
S =
(
S 0
0 S⋆
)
C = 1√
2
(
S iS
S⋆ −iS⋆
)
(18)
the 28× 28 matrix S being unitary:
S†S = 1 (19)
The explicit form of the U(28) matrix S was given in section 5.4 of [8] while the weights of the
E7(7) 56 representation are listed in table 1.
2.2 The supersymmetry transformation rules
To complete our illustration of the bosonic lagrangian we discuss the scalar potential V(φ).
This cannot be done without referring to the supersymmetry transformation rules because of
its crucial relation with the so called fermion shifts that appear in such rules and that are the
primary objects determined by the choice of the gauge algebra.
Since the N = 8 theory has no matter multiplets the fermions are just, as already remarked,
the 8 spin 3/2 gravitinos and the 56 spin 1/2 dilatinos. The two numbers 8 and 56 have been
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written boldfaced since they also single out the dimensions of the two irreducible SU(8) repre-
sentations to which the two kind of fermions are respectively assigned, namely the fundamental
and the three times antisymmetric:
ψµ|A ↔ A ≡ 8 ; χABC ↔
A
B
C
≡ 56 (20)
Following the conventions and formalism of [28], [27], [8] the fermionic supersymmetry trans-
formation rules of are written as follows:
δψAµ = ∇µǫA +
√
3
4
√
2
T−AB|ρσ γ
ρσ γµ ǫ
B + SAB γµ ǫ
B + · · ·
δχABC = aPABCD|i ∂µφ
i γµ ǫD + b T−[AB|ρσ γ
ρσǫC] + Σ
D
ABC ǫD · · · (21)
where a, b are numerical coefficients fixed by superspace Bianchi identities, T−AB|µν is the an-
tiselfdual part of the graviphoton field strength, PABCD|i is the vielbein of the scalar coset
manifold completely antisymmetric in ABCD and satisfying the same pseudoreality condition
as our choice of the scalars φABCD:
PABCD =
1
4!
ǫABCDEFGHP
EFGH
. (22)
and SAB,Σ
D
ABC are the fermion shifts that, as we will see later, determine the potential V(φ).
What we need is the explicit expression of these objects in terms of the coset representa-
tives. For the graviphoton such an expression is gauging independent and coincides with that
appearing in the case of ungauged supergravity. On the other hand, for the scalar vielbein and
the fermion shifts, their expression involves the choice of the gauge group and can be given only
upon introduction of the gauged Maurer Cartan equations. Hence we first recall the structure
of the graviphoton and then we turn our attention to the second kind of items entering the
transformation rules that are the most relevant ones for our discussion.
2.2.1 The graviphoton field strength
We introduce the multiplet of electric and magnetic field strengths according to the standard
definitions of [25],[9] [29]:
~Vµν ≡
(
FΛΣµν
G∆Π|µν
)
(23)
where
G∆Π|µν = −ImN∆Π,ΛΣ F˜ΛΣµν − ReN∆Π,ΛΣ FΛΣµν
F˜ΛΣµν =
1
2
ǫµνρσ F
ΛΣ|ρσ (24)
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The 56–component field strength vector ~Vµν transforms in the real symplectic representation of
the U–duality group E7(7). We can also write a column vector containing the 28 components
of the graviphoton field strengths and their complex conjugate:
~Tµν ≡
(
T |ABµν
Tµν|AB
)
T |ABµν =
(
Tµν|AB
)⋆
(25)
in which the upper and lower components transform in the canonical Young basis of SU(8) for
the 28 and 28 representation respectively.
The relation between the graviphoton field strength vectors and the electric magnetic field
strength vectors involves the coset representative in the SpY (56) representation and it is the
following one:
~Tµν = −CCIL−1SpY (φ) ~Vµν (26)
The matrix
C =
(
0 1
−1 0
)
(27)
is the symplectic invariant matrix. Eq.(26) reveal that the graviphotons transform under the
SU(8) compensators associated with the E7(7) rotations. It is appropriate to express the upper
and lower components of ~T in terms of the self–dual and antiself–dual parts of the graviphoton
field strengths, since only the latters enter (21)
These components are defined as follows:
T+|ABµν =
1
2
(
T |ABµν +
i
2
ǫµνρσg
ρλgσπ T
|AB
λπ
)
T−AB|µν =
1
2
(
TAB|µν − i
2
ǫµνρσg
ρλgσπ TAB|λπ
)
(28)
As shown in [8] the following equalities hold true:
T |ABµν = T
+|AB
µν
Tµν|AB = T
−
µν|AB (29)
and we can simply write:
~Tµν ≡
(
T+|ABµν
T−µν|AB
)
(30)
2.2.2 The gauged Maurer Cartan equations and the fermion shifts
As it is well known (see for instance the lectures [9]) the key ingredient in the gauging of
an extended supergravity theory is provided by the gauged left-invariant 1–forms on the coset
manifold. This notion is applied to the present case in the following way.
First note that in the UspY (28, 28) basis we have chosen the coset representative (13)
satisfies the following identities:
uΠ∆ABu
AB
ΛΣ − vΠ∆ABvABΛΣ = δΠ∆ΛΣ ,
uΠ∆ABv
ABΛΣ − vΠ∆ABuABΛΣ = 0 , (31)
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uABΛΣu
ΛΣ
CD − vABΛΣvΛΣCD = δABCD ,
uABΛΣv
ΛΣCD − vABΛΣuΛΣCD = 0 , (32)
and the inverse coset representative is given by:
IL−1 =
(
uABΛΣ −vAB∆Γ
−vCDΛΣ uCD∆Γ
)
. (33)
where, by raising and lowering the indices, complex conjugation is understood.
Secondly recall that in our basis the generators of the electric subalgebra SL(8, IR) ⊂ E7(7)
have the following form
Gα =
(
qΛΣΠ∆(α) p
ΛΣΨΞ(α)
p∆ΓΠ∆(α) qΛΣ
ΨΞ(α)
)
(34)
where the matrices q and p are real and have the following form
qΛΣΠ∆ = 2δ
[Λ
[Πq
Σ]
∆] =
2
3
δ[Λ[Πq
Σ]Γ
∆]Γ ,
p∆ΓΠΩ =
1
24
ε∆ΓΠΩΛΣΨΞp
ΛΣΨΞ . (35)
The index α = 1, . . . 63 in (34) spans the adjoint representation of SL(8, IR) according to some
chosen basis and we can freely raise and lower the greek indices Λ,Σ, ... because of the reality
of the representation.
Next let us introduce the fundamental item in the gauging construction. It is the 28 × 63
constant embedding matrix:
E ≡ eαΛΣ (36)
transforming under SL(8, IR) as its indices specify, namely in the tensor product of the adjoint
with the antisymmetric 28 and that specifies which generators of SL(8, IR) are gauged and by
means of which vector fields in the 28–dimensional stock. In particular, using this matrix E ,
one write the gauge 1–form as:
A ≡ AΛΣeαΛΣGα (37)
The main result in the present paper will be the determination of the most general form and
the analysis of the embedding matrix eαΛΣ. In terms of the gauge 1–form A and of the coset
representative IL(φ) we can write the gauged left–invariant 1–form:
Ω = IL−1dL+ gIL−1AIL (38)
which belongs to the E7(7) Lie algebra in the UspY (28, 28) representation and defines the gauged
scalar vielbein PABEF and the SU(8) connection Q BD :
Ω =
(
2δ
[A
[C Q
B]
D] P
ABEF
PCDGH −2δ[E[G QF ]H]
)
(39)
Because of its definition the 1–form Ω satisfies gauged Maurer Cartan equations:
dΩ+ Ω ∧ Ω = g[FΛΣ − (
√
2(uΛΣAB + vΛΣAB)ψ
A ∧ ψB + h.c.)]eαΛΣIL−1GαIL , (40)
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with FΛΣ the supercovariant field strength of the vectors AΛΣ. Let us focus on the last factor
in eq.(40):
Uα ≡ IL−1GαIL =
(A(α) B(α)
B(α) A(α)
)
(41)
Since Uα is an E7(7) Lie algebra element, for each gauge generator Gα we necessarily have:
AABCD(α) =
2
3
δ
[A
[C AB]MD]M
BABFG(α) = B[ABFG](α) (42)
Comparing with eq.(40) we see that the scalar field dependent SU(8) tensors multiplying the
gravitino bilinear terms are the following ones:
TABCD ≡ (uΩΣCD + vΩΣCD) eαΩΣAAMBM(α)
ZABEFCD ≡ (uΩΣCD + vΩΣCD) eαΩΣ BABEF (α) (43)
As shown in the original papers by de Wit and Nicolai [17] (or Hull [24]) and reviewed in
[28], closure of the supersymmetry algebra 4 and hence existence of the corresponding gauged
supergravity models is obtained if and only if the following T–identities are satisfied:
TABCD = T
A
[BCD] +
2
7
δA[CT
M
D]MB (44)
ZCDABEF =
4
3
δ[C [AT
D]
BEF ] (45)
Eq.s (44) and (45) have a clear group theoretical meaning. Namely, they state that both the
TABCD tensor and the Z
ABEF
CD tensor can be expressed in basis spanned by two irreducible
SU(8) tensors corresponding to the 420 and 36 representations respectively:
◦
TABCD ≡ ǫAI1...I7
I1 B
I2 C
I3 D
I4
I5
I6
I7
≡ 420 ; ◦TDB ≡ D B ≡ 36 (46)
To see this let us consider first eq. (44). In general a tensor of type TAB[CD] would have
8 × 8 × 28 components and contain several irreducible representations of SU(8). However, as
a consequence of eq. (44) only the representations 420, 28 and 36 can appear. (see fig. 1).
In addition, since the A tensor, being in the adjoint of SU(8), is traceless also the T -tensor
appearing in (44) is traceless: TAABC = 0. Combining this information with eq.(44) we obtain
TM [AB]M = 0, (47)
4 in the rheonomy approach closure of the Bianchi identities
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Eq. (47) is the statement that the 28 representation appearing in fig. 1 vanishes so that the
TAB[CD] tensor is indeed expressed solely in terms of the irreducible tensors (46).
Figure 1: Decomposition in irreducible representations of a tensor of type TABCD
42036 +28=+448   + 36
A similar argument can be given to interpret the second T–identity (45). A tensor of type
Z
[ABEF ]
[CD] contains, a priori, 70 × 28 components and contains the irreducible representations
1512, 420 and 28 (see fig. 2). Using eq.(45) one immediately sees that the representations
1512 and 28 must vanish and that the surviving 420 is proportional through a fixed coefficient
to the 420 representations appearing in the decomposition of the TAB[CD] tensor. In view of
Figure 2: Decomposition in irreducible representations of a tensor of type ZCDABEF
1960 = 1512 + 420 + 28
this discussion, the T–identities can be rewritten as follows in the basis of the independent
irreducible tensors
◦
TABCD = T
A
[BCD]
◦
TAB = T
M
AMB (48)
The irreducible tensors 420 and 36 can be identified, through a suitable coefficient fixed by
Bianchi identities, with the fermion shifts appearing in the supersymmetry transformation rules
11
(21):
ΣABCD = σ
◦
TABCD ; SDB = s
◦
TDB (49)
2.2.3 The Ward identity and the potential
Finally, according to a general mechanism present in all extended supergravities [10] the scalar
potential is defined by the following supersymmetry Ward identity:
− V δAB = SAM SBM − ΣPQRA ΣBPQR (50)
which, as shown by de Wit and Nicolai [17] is satisfied if and only if the ratio between the two
constants in eq. (49) is:
s2
σ2
=
18
49
(51)
3 Algebraic characterization of the gauge group embed-
ding Ggauge −→ SL(8, IR)
As we have seen in the previous section the existence of gauged supergravity models relies on
a peculiar pair of identities to be satisfied by the T–tensors. Therefore a classification of all
possible gaugings involves a parametrization of all SL(8, IR) subalgebras that lead to satisfied
T–identities. Since the T–tensors are scalar field dependent objects it is not immediately
obvious how such a program can be carried through. On the other hand since the problem is
algebraic in nature (one looks for all Lie subalgebras of SL(8, IR) fulfilling a certain property)
it is clear that it should admit a completely algebraic formulation. It turns out that such an
algebraic formulation is possible and actually very simple. We will show that the T–identities
imposed on the T–tensors are nothing else but a single algebraic equation imposed on the
embedding matrix E introduced in eq.(36). This is what we do in the present section.
To begin with we recall a general and obvious constraint to be satisfied by E which embeds a
subalgebra of the SL(8, IR) Lie algebra into its 28 irreducible representation. As it was already
stressed in [22], the vectors should be in the coadjoint representation of the gauge group. Hence
under reduction to Ggauge ⊂ SL(8, IR) we must obtain the following decomposition of the entire
set of the electric vectors:
28
Ggauge→ coadjGgauge ⊕R (52)
where R denotes the subspace of vectors not entering the adjoint representation of Ggauge which
is not necessarily a representation of Ggauge itself.
Next in order to reduce the field dependent T–identities to an algebraic equation on E we
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introduce the following constant tensors:5
t
(1)
ΩΣ
ΠΓ
∆Λ ≡
∑
α
eαΩΣ q
ΠΓ
∆Λ(α) ,
t
(2)
ΩΣ
ΠΓ∆Λ ≡ ∑
α
eαΩΣ p
ΠΓ∆Λ(α) . (53)
In terms of t(1) and t(2) the field dependent T -tensor is rewritten as
TABCD = (u
ΩΣ
CD + vΩΣCD)[ t
(1)
ΩΣ
ΠΓ
∆Λ (u
AM
ΠΓ u
∆Λ
BM − vAMΦΓ v∆ΛBM )
+t
(2)
ΩΣ
ΠΓ∆Λ (uAMΠΓ v
∆Λ
BM − vAMΦΓ u∆ΛBM) ] . (54)
Then we can state our main result as the following
Theorem 3.1 The field dependent T -identities are fully equivalent to the follow-
ing algebraic equation:
t
(1)
ΩΣ
ΠΓ
∆Λ + t
(1)
∆Λ
ΠΓ
ΩΣ + t
(2)
ΠΓ
∆ΛΩΣ = 0 ,
(55)
Proof 3.1 -
We have to show that the field dependent T -identities (44) and (45) are fully equivalent to the algebraic
expression (55). So we begin with one direction of the proof
1. Proof that (55) implies (44) and (45)
Summing three times (55) with permuted indices, one finds
t
(2)
ΩΣ
ΠΓ∆Λ + t
(2)
∆Λ
ΠΓΩΣ − t(2)ΠΓ∆ΛΩΣ = 0 . (56)
¿From eq.s (55), (56) one finds that
(uABΩΣ + v
ABΩΣ)eαΩΣBCDEF =
2
3
δ[A[BT
C]
D]GH +
2
3
δ[A[GT
C]
H]BD (57)
Since BCDEF is antisymmetric in CDEF , one has
(uABΩΣ + v
ABΩΣ)eαΩΣBCDEF =
4
3
δ[A[BT
C]
DGH] ,
2
3
δ[A[BT
C]
D]GH +
2
3
δ[A[GT
C]
H]BD =
4
3
δ[A[BT
C]
DGH] . (58)
The first of the above equations coincides with eq. (45). From the second one, taking suitable
contractions, as explained in [17], one obtains eq. (44). This shows that (55) implies both eq.s
(44) and (45).
5 For example, in the de Wit–Nicolai theory, where one gauges Ggauge = SO(8) we have:
t
(1)
ΩΣ
ΠΓ
∆Λ = δ
[Π
[∆δΛ][Ωδ
Γ]
Σ] , t
(2)
ΩΣ
ΠΓ∆Λ = 0 .
13
2. Proof that (44) and (45) imply (55)
If we use (44) to rewrite the following expression
2
3
δ[A[BT
C]
D]GH +
2
3
δ[A[GT
C]
H]BD =
=
[
2
3
δ[A[BT
C]
D]GH
]
[DGH]
+
[
2
3
δ[A[GT
C]
H]BD
]
[HBD]
+
+
[
4
21
δ[A[Bδ
[C
|GT
M
HM |D]
]
[GH]
+
[
4
21
δ[A[Gδ
[C
|BT
M
DM |H]
]
[BD]
(59)
we can easily verify that it is antisymmetric in the indices GDBH. Indeed the last two terms
cancel, while the sign in front of the first two terms is reversed upon interchanging B and G.
This means that
2
3
δ[A[BT
C]
D]GH +
2
3
δ[A[GT
C]
H]BD =
4
3
δ[A[BT
C]
DGH] (60)
So, because of equation (45), we have:
2
3
δ[A[BT
C]
D]GH +
2
3
δ[A[GT
C]
H]BD = (u
AB
ΩΣ + v
ABΩΣ)eαΩΣBCDEF (61)
By inserting the expressions of T and B in terms of the t’s into equation (61) and collecting the
coefficients the independent scalar–field components, we retrieve equation (55).
This concludes our proof.
4 Solution of the algebraic t–identity
The algebraic t–identity (55) is a linear equation imposed on the embedding matrix E . We
have solved it by means of a computer program and we have found the 36–parameter solution
displayed in tables 3, 4,5, 6,7,8,9,10, 11. In order to explain the content of these tables we have
to describe our notations and our construction in more detail.
4.1 Embedding of the electric group
The first information we need to specify is the explicit embedding of the electric subalgebra
SL(8, IR) into the U–duality algebra E7(7). For this latter we adopt the conventions and nota-
tions of [8].
4.1.1 The E7(7) algebra: roots and weights
We consider the standard E7 Dynkin diagram (see fig. 3) and we name αi (i = 1, . . . , 7) the
corresponding simple roots. Having fixed this basis, each E7(7) root is intrinsically identified by
its Dynkin labels, namely by its integer valued components in the simple root basis.
Having identified the roots, the next step we need is the construction of the real fundamental
representation SpD(56) of our U–duality Lie algebra E7(7). For this we need the corresponding
weight vectors ~W .
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Figure 3: E7 Dynkin diagram and root labeling
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A particularly relevant property of the maximally non–compact real sections of a simple
complex Lie algebra is that all its irreducible representations are real. E7(7) is the maximally
non compact real section of the complex Lie algebra E7, hence all its irreducible representations
Γ are real. This implies that if an element of the weight lattice ~W ∈ Λw is a weight of a given
irreducible representation ~W ∈ Γ then also its negative is a weight of the same representation:
− ~W ∈ Γ. Indeed changing sign to the weights corresponds to complex conjugation.
According to standard Lie algebra lore every irreducible representation of a simple Lie
algebra G is identified by a unique highest weight ~Wmax. Furthermore all weights can be
expressed as integral non–negative linear combinations of the simple weights ~Wℓ (ℓ = 1, ..., r =
rank(G)), whose components are named the Dynkin labels of the weight. The simple weights ~Wi
of G are the generators of the dual lattice to the root lattice and are defined by the condition:
2( ~Wi , ~αj)
(~αj , ~αj)
= δij (62)
In the simply laced E7(7) case, the previous equation simplifies as follows
( ~Wi , ~αj) = δij (63)
where ~αj are the the simple roots. Using the Dynkin diagram of E7(7) (see fig. 3) from eq.(63)
we can easily obtain the explicit expression of the simple weights.
The Dynkin labels of the highest weight of an irreducible representation Γ give the Dynkin
labels of the representation. Therefore the representation is usually denoted by Γ[n1, ..., nr]. All
the weights ~W belonging to the representation Γ can be described by r integer non–negative
numbers qℓ defined by the following equation:
~Wmax − ~W =
r∑
ℓ=1
qℓ~αℓ (64)
where αℓ are the simple roots. According to this standard formalism the fundamental real
representation SpD(56) of E7(7) is Γ[1, 0, 0, 0, 0, 0, 0] and the expression of its weights in terms
of qℓ is given in table 1, the highest weight being ~W (51).
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We can now explain the specific ordering of the weights we have adopted.
First of all we have separated the 56 weights in two groups of 28 elements so that the first
group:
~Λ(n) = ~W (n) n = 1, ..., 28 (65)
are the weights for the irreducible 28 dimensional representation of the electric subgroup
SL(8, IR) ⊂ E7(7). The remaining group of 28 weight vectors are the weights for the trans-
posed representation of the same group that we name 28.
Secondly the 28 weights ~Λ have been arranged according to the decomposition with respect
to the T–duality subalgebra SO(6, 6) ⊂ E7(7): the first 16 correspond to R–R vectors and are
the weights of the spinor representation of SO(6, 6) while the last 12 are associated with N–S
fields and correspond to the weights of the vector representation of SO(6, 6).
4.1.2 The matrices of the fundamental 56 representation
Equipped with the weight vectors we can now proceed to the explicit construction of the
SpD(56) representation of E7(7). In our construction the basis vectors are the 56 weights,
according to the enumeration of table 1. What we need are the 56 × 56 matrices associated
with the 7 Cartan generators H~αi (i = 1, . . . , 7) and with the 126 step operators E
~α that are
defined by:
[SpD56 (H~αi)]nm ≡ 〈 ~W (n)|H~αi | ~W (m)〉[
SpD56
(
E~α
)]
nm
≡ 〈 ~W (n)|E~α | ~W (m)〉 (66)
Let us begin with the Cartan generators. As a basis of the Cartan subalgebra we use the
generators H~αi defined by the commutators:[
E~αi , E−~αi
]
≡ H~αi (67)
In the SpD(56) representation the corresponding matrices are diagonal and of the form:
〈 ~W (p)|H~αi | ~W (q)〉 =
(
~W (p), ~αi
)
δp q ; (p, q = 1, ..., 56) (68)
The scalar products(
~Λ(n) · ~h,−~Λ(m) · ~h
)
=
(
~W (p) · ~h
)
; (n,m = 1, ..., 28 ; p = 1, ..., 56) (69)
are to be understood in the following way:
~W (p) · ~h =
7∑
i=1
(
~W (p), ~αi
)
hi (70)
Next we construct the matrices associated with the step operators. Here the first observation
is that it suffices to consider the positive roots. Because of the reality of the representation,
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the matrix associated with the negative of a root is just the transposed of that associated with
the root itself:
E−α = [Eα]T ↔ 〈 ~W (n)|E−~α | ~W (m)〉 = 〈 ~W (m)|E~α | ~W (n)〉 (71)
The method we have followed to obtain the matrices for all the positive roots is that of con-
structing first the 56× 56 matrices for the step operators E~αℓ (ℓ = 1, ..., 7) associated with the
simple roots and then generating all the others through their commutators. The construction
rules for the SpD(56) representation of the six operators Eαℓ (ℓ 6= 5) are:
ℓ 6= 5
{ 〈 ~W (n)|E~αℓ | ~W (m)〉 = δ ~W (n), ~W (m)+~αℓ ; n,m = 1, . . . , 28
〈 ~W (n+28)|E~αℓ | ~W (m+28)〉 = −δ ~W (n+28), ~W (m+28)+~αℓ ; n,m = 1, . . . , 28
(72)
The six simple roots ~αℓ with ℓ 6= 5 belong also to the the Dynkin diagram of the electric
subgroup SL(8,IR). Thus their shift operators have a block diagonal action on the 28 and 28
subspaces of the SpD(56) representation that are irreducible under the electric subgroup. From
eq.(72) we conclude that:
ℓ 6= 5 SpD56
(
E~αℓ
)
=
(
A[~αℓ] 0
0 −AT [~αℓ]
)
(73)
the 28× 28 block A[~αℓ] being defined by the first line of eq.(72).
On the contrary the operator E~α5 , corresponding to the only root of the E7 Dynkin diagram
that is not also part of the A7 diagram is represented by a matrix whose non–vanishing 28×28
blocks are off–diagonal. We have
SpD56
(
E~α5
)
=
(
0 B[~α5]
C[~α5] 0
)
(74)
where both B[~α5] = B
T [~α5] and C[~α5] = C
T [~α5] are symmetric 28×28 matrices. More explicitly
the matrix SpD56
(
E~α5
)
is given by:
〈 ~W (n)|E~α5 | ~W (m+28)〉 = 〈 ~W (m)|E~α5 | ~W (n+28)〉
〈 ~W (n+28)|E~α5 | ~W (m)〉 = 〈 ~W (m+28)|E~α5 | ~W (n)〉 (75)
with
〈 ~W (7)|E~α5 | ~W (44)〉 = −1 〈 ~W (8)|E~α5 | ~W (42)〉 = 1 〈 ~W (9)|E~α5 | ~W (43)〉 = −1
〈 ~W (14)|E~α5 | ~W (36)〉 = 1 〈 ~W (15)|E~α5 | ~W (37)〉 = −1 〈 ~W (16)|E~α5 | ~W (35)〉 = −1
〈 ~W (29)|E~α5 | ~W (6)〉 = −1 〈 ~W (34)|E~α5 | ~W (1)〉 = −1 〈 ~W (49)|E~α5 | ~W (28)〉 = 1
〈 ~W (50)|E~α5 | ~W (27)〉 = −1 〈 ~W (55)|E~α5 | ~W (22)〉 = −1 〈 ~W (56)|E~α5 | ~W (21)〉 = 1
(76)
In this way we have completed the construction of the E~αℓ operators associated with simple
roots. For the matrices associated with higher roots we just proceed iteratively in the following
way. As usual we organize the roots by height :
~α = nℓ ~αℓ → ht ~α =
7∑
ℓ=1
nℓ (77)
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and for the roots αi + αj of height ht = 2 we set:
SpD56
(
Eαi+αj
)
≡ [SpD56 (Eαi) , SpD56 (Eαi)] ; i < j (78)
Next for the roots of ht = 3 that can be written as αi + β where αi is simple and ht β = 2 we
write:
SpD56
(
Eαi+β
)
≡
[
SpD56 (E
αi) , SpD56
(
Eβ
)]
(79)
Obtained the matrices for the roots of ht = 3 one proceeds in a similar way for those of the
next height and so on up to exhaustion of all the 63 positive roots.
This concludes our description of the algorithm by means of which our computer program
constructed all the 133 matrices spanning the E7(7) Lie algebra in the SpD(56) representation.
A fortiori, if we specify the embedding we have the matrices generating the electric subgroup
SL(8, IR).
4.1.3 The SL(8, IR) subalgebra
The Electric Sl(8, IR) subalgebra is identified in E7(7) by specifying its simple roots βi spanning
the standard A7 Dynkin diagram. The Cartan generators are the same for the E7(7) Lie algebra
as for the SL(8, IR) subalgebra and if we give βi every other generator is defined. The basis we
have chosen is the following one:
β1 = α2 + 2α3 + 3α4 + 2α5 + 2α6 + α7 ; β2 = α1
β3 = α2 ; β4 = α3
β5 = α4 ; β6 = α6
β7 = α7
(80)
The complete set of positive roots of SL(8IR) is then composed of 28 elements that we name
ρi (i = 1, . . . , 28) and that are enumerated according to our chosen order in table 2.
Hence the 63 generators of the SL(8, IR) Lie algebra are:
The 7 Cartan generators Ci = Hαi i = 1, . . . , 7
The 28 positive root generators Eρi i = 1, . . . , 28
The 28 negative root generators E−ρi i = 1, . . . , 28
(81)
and since the 56×56 matrix representation of each E7(7) Cartan generator or step operator was
constructed in the previous subsection it is obvious that it is in particular given for the subset
of those that belong to the SL(8, IR) subalgebra. The basis of this matrix representation is
provided by the weights enumerated in table 1.
In this way we have concluded our illustration of the basis in which we have solved the
algebraic t–identity. The result is the 28× 63 matrix:
E(h, ℓ) −→ eαW (h, ℓ) (82)
where the index W runs on the 28 negative weights of table 1, while the index α runs on all
the SL(8, IR) generators according to eq. (81). The matrix E(h, p) depends on 36 parameters
that we have named:
hi i = 1, . . . , 8
ℓi i = 1, . . . , 28
(83)
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and its entries are explicitly displayed in tables 3, 4,5, 6,7,8,9,10, 11 as we have already stressed
at the beginning of this section. The distinction between the hi parameters and the ℓi param-
eters has been drawn in the following way:
• The 8 parameters hi are those that never multiply a Cartan generator
• The 28 parameters ℓi are those that multiply at least one Cartan generator.
In other words if we set all the ℓi = 0 the gauge subalgebra Ggauge ⊂ SL(8, IR) is composed
solely of step operators while if you switch on also the ℓi.s then some Cartan generators appear
in the Lie algebra. This distinction will be very useful in classifying the independent solutions.
5 Classification of gauged N = 8 supergravities
Equipped with the explicit solution of the t–identity encoded in the embedding matrix E we
can now address the complete classification of the gauged supergravity models. As already
anticipated in the introduction our result is that the complete set of possible theories coincides
with the gaugings found by Hull [24] (together with the ones simply outlined by Hull [24]) in
the middle of the eighties and correspond to all possible non–compact real forms of the SO(8)
Lie algebra plus a number of Inonu–Wigner contractions thereof. Since Hull’s method to obtain
these gaugings was not based on an exhaustive analysis the doubt existed whether his set of
theories was complete or not. Our analysis shows that in fact it was. Furthermore since our
method is constructive it provides the means to study in a systematic way the features of all
these models. In this section we derive such a result.
We have to begin our discussion with two observations:
1. The solution of t–identities encoded in the matrix E(h, ℓ) is certainly overcomplete since
we are still free to conjugate any gauge algebra Ggauge with an arbitrary finite element
of the electric group g ∈ SL(8, IR): G′gauge = g Ggauge g−1 yields a completely physi-
cally equivalent gauging as Ggauge. This means that we need to consider the SL(8, IR)
transformations of the matrix E(h, ℓ) defined as:
∀ g ∈ SL(8, IR) : g · E(h, ℓ) ≡ D28(g−1) E(h, ℓ)D63(g) (84)
where D28(g) and D63(g) denote the matrices of the 28 and the 63 representation respec-
tively. If two set of parameters {h, ℓ} and {h′, ℓ′} are related by an SL(8, IR) conjugation,
in the sense that:
∃g ∈ SL(8, IR) : E(h′, ℓ′) = g · E(h, ℓ) (85)
then the theories described by {h, ℓ} and {h′, ℓ′} are the same theory. In other words
what we need is the space of orbits of SL(8, IR) inequivalent embedding matrices.
2. Possible theories obtained by choosing a set of {h, ℓ} parameters are further restricted by
the constraints that
• The selected generators of SL(8, IR) should close a Lie subalgebra Ggauge
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• The selected vectors (=weights, see table 1) should transform in the coadjoint rep-
resentation Coadj (Ggauge)
In view of these observations a natural question we should pose is the following one: is there
a natural way to understand why the number of parameters on which the embedding matrix
depends is, a part from an immaterial overall constant, precisely 35?. The answer is immediate
and inspiring. Because of point 2) in the above list of properties the 28 linear combinations of
SL(8, IR) generators:
TW ≡ e αW (h, ℓ) Gα (86)
must span the adjoint representation of a 28–dimensional subalgebra Ggauge(h, ℓ) of the
SL(8, IR) algebra.
Naming Ggauge(h, ℓ) the corresponding Lie subgroup, because of its very definition we have that
the matrix E(h, ℓ) is invariant under transformations of Ggauge(h, ℓ) 6:
∀ γ ∈ Ggauge(h, ℓ ⊂ SL(8, IR) : γ · E(h, ℓ) = E(h, ℓ) (87)
Comparing eq.(87) with eq.(84) we see that having fixed a matrix E(h, ℓ) and hence an algebra
Ggauge(h, ℓ), according to point 1) of the above discussion we can obtain a 35–dimensional orbit
of equivalent embedding matrices:
E (h′(µ), ℓ′(µ)) ≡ g(µ) · E(h, ℓ) where g(µ) ∈ SL(8, IR)Ggauge(h, ℓ) (88)
Hence, 35 = 63 − 28 is the dimension of the coset manifold SL(8, IR)/Ggauge(h, ℓ) and
E (h′(µ), ℓ′(µ)) is the embedding matrix for the family of conjugated, isomorphic, Lie algebras:
Ggauge (h′(µ), ℓ′(µ)) = g−1(µ)Ggauge(h, ℓ) g(µ) (89)
An essential and a priori unexpected conclusion follows from this discussion.
Proposition 5.1 The gauged N = 8 supergravity models cannot depend on more
than a single continuous parameter (=coupling constant), even if they corre-
spond to gauging a multidimensional abelian algebra
Proof 5.1 -
Since the explicit solution of the algebraic t–identities has produced an embedding matrix E(h, ℓ)
depending on no more than 36–parameters, then the only continuous parameter which is physically
relevant is the overall proportionality constant. The remaining 35–parameters can be reabsorbed by
SL(8, IR) conjugations according to eq.(89)
6Note that some of the 28 generators of Ggauge(h, ℓ) ⊂ SL(8, IR) may be represented trivially in the adjoint
representation, but in this case also the corresponding group transformations leave the embedding matrix
invariant.
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In other words what we have found is that the space of orbits we are looking for is a discrete
space. The classifications of gauged supergravity models is just a classification of gauge algebras
a single coupling constant being assigned to each case. This is considerably different from other
supergravities with less supersymmetries, like the N = 2 case. There gauging a group Ggauge
involves as many coupling constants as there are simple factors in Ggauge. So in those cases
not only we have a much wider variety of possible gauge algebras but also we have lagrangians
depending on several continuous parameters. In the N = 8 case supersymmetry constraints the
theory in a much stronger way. We want to stress that this is an yield of supersymmetry and not
of Lie algebra theory. It is the algebraic t–identity, enforced by the closure of Bianchi identities,
that admits a general solution depending only on 36–parameters. If the solution depended on
35 +m parameters then we might have introduced m relevant continuous parameters into the
Lagrangian.
Relying on these observations we are left with the problem of classifying the orbit space
already knowing that it is composed of finite number of discrete elements. Orbits are character-
ized in terms of invariants, so we have to ask ourselves what is the natural invariant associated
with the embedding matrix E(h, ℓ). The answer is once again very simple. It is the signa-
ture of the Killing–Cartan 2–form for the resulting gauge algebra Ggauge(h, ℓ). Consider the 28
generators (86) and define:
ηW1W2 (h, ℓ) ≡ Tr (TW1 TW1)
= e αW1 (h, ℓ) e
β
W2
(h, ℓ) Tr (GαGβ)
= e αW1 (h, ℓ) e
β
W2
(h, ℓ) Bαβ
(90)
where the trace Tr is taken over any representation and the constant matrix Bαβ ≡ Tr (GαGβ)
is the Killing–Cartan 2–form of the SL(2, IR) Lie algebra. The 28 × 28 matrix is the Killing–
Cartan 2–form of the gauge algebra Ggauge. As it is well known from general Lie algebra theory,
by means of suitable changes of bases inside the same Lie algebra the matrix ηW1W2 (h, ℓ) can
be diagonalized and its eigenvalues can be reduced to be either of modulus one or zero. What
cannot be done since it corresponds to an intrinsic characterization of the Lie algebra is to
change the signature of ηW1W2 (h, ℓ), namely the ordered set of 28 signs (or zeros) appearing on
the principal diagonal when ηW1W2 (h, ℓ) is reduced to diagonal form. Hence what is constant
throughout an SL(8, IR) orbit is the signature. Let us name Σ (orbit) the 28 dimensional vector
characterizing the signature of an orbit:
Σ (orbit) ≡ signature [ηW1W2 (h′(µ), ℓ′(µ)) ] (91)
¿From our discussion we conclude that
Proposition 5.2 The classification of gauged N=8 models has been reduced to the
classification of the signature vectors Σ (orbit) of eq.(91)
The procedure to calculate Σ (orbit) associated with an orbit ηW1W2 (h
′(µ), ℓ′(µ)) is that of
choosing the representative (h′(µ0), ℓ
′(µ0)) for which the corresponding matrix ηW1W2(h
′(µ0),
ℓ′(µ0)) is diagonal and then to evaluate the signs of the diagonal elements. In principle finding
the appropriate h′(µ0), ℓ
′(µ0) could be a difficult task since we are supposed to diagonalize a
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28 × 28 matrix. However our choice of coordinates on the parameter space is such that our
task becomes very simple. Using the results of tables 3, 4,5, 6,7,8,9,10, 11 we can calculate the
matrix ηW1W2 (h, ℓ) and for generic values of hi and ℓi we find that all of its 28× 28 entries are
non vanishing; yet setting ℓi = 0 the matrix becomes automatically diagonal and we get:
η (h, ℓ = 0) = diag
{
−h7 h8, h1 h6, h2 h6, −h3 h6 , h4 h6, −h5 h6, h1 h2,
−h1 h3, h1 h4, −h1 h5, −h2 h5, h3 h5, −h4 h5, h2 h4,
−h2 h3, −h3 h4, h1 h7, h2 h7, −h3 h7, h4 h7, −h5 h7,
h6 h7, −h1 h8, −h2 h8, h3 h8, −h4 h8, h5 h8, −h6 h8
}
(92)
Hence all possible signatures Σ (orbit) are obtained by assigning to the parameters hi the
values 1,−1, 0 in all possible ways. Given an h vector constructed in this way we have then to
check that the corresponding 28 generators (86) close a Lie subalgebra and accept only those
for which this happens. Clearly such an algorithm can be easily implemented by means of a
computer program. The result is provided by a table of SL(8, IR) Lie subalgebras identified
by a corresponding acceptable h–vector. This result is displayed in the table that follows (see
eq.(93)). In this table in addition to the h–vector that identifies it we have displayed the
signature of the Killing–Cartan form by writing the numbers n+,n−,n0 of its positive, negative
and zero eigenvalues. In addition we have also written the actual dimension of the gauge algebra
namely the number of generators that have a non–vanishing representations or correspondingly
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the number of gauged vectors that are gauged (=paired to a non vanishing generator):
Algebra n+ n− n0 {h1, h2, h3, h4, h5, h6, h7} dimension
SO(8) 28 0 0 {1, 1,−1, 1,−1, 1, 1,−1} 28
SO(1, 7) 21 7 0 {1, 1,−1, 1,−1, 1, 1, 1} 28
SO(2, 6) 16 12 0 {−1, 1,−1, 1,−1, 1, 1, 1} 28
SO(3, 5) 13 15 0 {−1,−1,−1, 1,−1, 1, 1, 1} 28
SO(4, 4) 12 16 0 {−1,−1, 1, 1,−1, 1, 1, 1} 28
SO(5, 3) 13 15 0 {−1,−1, 1,−1,−1, 1, 1, 1} 28
SO(6, 2) 16 12 0 {−1,−1, 1,−1, 1, 1, 1, 1} 28
SO(7, 1) 21 7 0 {−1,−1, 1,−1, 1,−1, 1, 1} 28
CSO(1, 7) 0 0 28 {0, 0, 0, 0, 0, 0, 0, 1} 7
CSO(2, 6) 1 0 27 {−1, 0, 0, 0, 0, 0, 0, 1} 13
CSO(3, 5) 3 0 25 {−1,−1, 0, 0, 0, 0, 0, 1} 18
CSO(4, 4) 6 0 22 {−1,−1, 1, 0, 0, 0, 0, 1} 22
CSO(5, 3) 10 0 18 {−1,−1, 1,−1, 0, 0, 0, 1} 25
CSO(6, 2) 15 0 13 {−1,−1, 1,−1, 1, 0, 0, 1} 27
CSO(7, 1) 21 0 7 {−1,−1, 1,−1, 1,−1, 0, 1} 28
CSO(1, 1, 6) 0 1 27 {1, 0, 0, 0, 0, 0, 0, 1} 13
CSO(1, 2, 5) 1 2 25 {1,−1, 0, 0, 0, 0, 0, 1} 18
CSO(2, 1, 5) 1 2 25 {1, 1, 0, 0, 0, 0, 0, 1} 18
CSO(1, 3, 4) 3 3 22 {1,−1, 1, 0, 0, 0, 0, 1} 22
CSO(2, 2, 4) 2 4 22 {1, 1, 1, 0, 0, 0, 0, 1} 22
CSO(3, 1, 4) 3 3 22 {1, 1,−1, 0, 0, 0, 0, 1} 22
CSO(1, 4, 3) 6 4 18 {1,−1, 1,−1, 0, 0, 0, 1} 25
CSO(2, 3, 3) 4 6 18 {1, 1, 1,−1, 0, 0, 0, 1} 25
CSO(3, 2, 3) 4 6 18 {1, 1,−1,−1, 0, 0, 0, 1} 25
CSO(4, 1, 3) 6 4 18 {1, 1,−1, 1, 0, 0, 0, 1} 25
CSO(1, 5, 2) 10 5 13 {1,−1, 1,−1, 1, 0, 0, 1} 27
CSO(2, 4, 2) 7 8 13 {1, 1, 1,−1, 1, 0, 0, 1} 27
CSO(3, 3, 2) 6 9 13 {1, 1,−1,−1, 1, 0, 0, 1} 27
CSO(4, 2, 2) 7 8 13 {1, 1,−1, 1, 1, 0, 0, 1} 27
CSO(5, 1, 2) 10 5 13 {1, 1,−1, 1,−1, 0, 0, 1} 27
CSO(1, 6, 1) 15 6 7 {1,−1, 1,−1, 1,−1, 0, 1} 28
CSO(2, 5, 1) 11 10 7 {1, 1, 1,−1, 1,−1, 0, 1} 28
lCSO(3, 4, 1) 9 12 7 {1, 1,−1,−1, 1,−1, 0, 1} 28
CSO(4, 3, 1) 9 12 7 {1, 1,−1, 1, 1,−1, 0, 1} 28
CSO(5, 2, 1) 11 10 7 {1, 1,−1, 1,−1,−1, 0, 1} 28
CSO(6, 1, 1) 15 6 7 {1, 1,−1, 1,−1, 1, 0, 1} 28
(93)
By restricting the matrix e αW to the parameters hi we can immediately write the correspon-
dence between the vectors ~W (28+i) and the generators of the gauge algebra that applies to all
the gaugings we have classified above. For the reader’s convenience this correspondence is sum-
marized in the following table, where it suffices to substitute the corresponding values of hi to
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obtain the generators of each gauge algebra expressed as linear combinations of the 56 positive
and negative root step operators of SL(8, IR).
Electric Gauge
vector generator
~W (35) ↔ h2E−β2 − h1Eβ2
~W (36) ↔ h3E−β2−β3 + h1Eβ2+β3
~W (37) ↔ h4E−β2−β3−β4 − h1Eβ2+β3+β4
~W (38) ↔ h5E−β2−β3−β4−β5 + h1Eβ2+β3+β4+β5
~W (30) ↔ h6E−β2−β3−β4−β5−β6 − h1Eβ2+β3+β4+β5+β6
~W (45) ↔ −h7E−β2−β3−β4−β5−β6−β7 + h1Eβ2+β3+β4+β5+β6+β7
~W (51) ↔ h1E−β1 + h8Eβ1
~W (52) ↔ h2E−β1−β2 + h8Eβ1+β2
~W (53) ↔ h3E−β1−β2−β3 − h8Eβ1+β2+β3
~W (54) ↔ h4E−β1−β2−β3−β4 + h8Eβ1+β2+β3+β4
~W (55) ↔ h5E−β1−β2−β3−β4−β5 − h8Eβ1+β2+β3+β4+β5
~W (56) ↔ h6E−β1−β2−β3−β4−β5−β6 + h8Eβ1+β2+β3+β4+β5+β6
~W (29) ↔ −h7E−β1−β2−β3−β4−β5−β6−β7 − h8Eβ1+β2+β3+β4+β5+β6+β7
~W (43) ↔ −h3E−β3 − h2Eβ3
~W (42) ↔ −h4E−β3−β4 + h2Eβ3+β4
~W (39) ↔ −h5E−β3−β4−β5 − h2Eβ3+β4+β5
~W (31) ↔ −h6E−β3−β4−β5−β6 + h2Eβ3+β4+β5+β6
~W (46) ↔ h7E−β3−β4−β5−β6−β7 − h2Eβ3+β4+β5+β6+β7
~W (44) ↔ h4E−β4 + h3Eβ4
~W (40) ↔ h5E−β4−β5 − h3Eβ4+β5
~W (32) ↔ h6E−β4−β5−β6 + h3Eβ4+β5+β6
~W (47) ↔ −h7E−β4−β5−β6−β7 − h3Eβ4+β5+β6+β7
~W (41) ↔ −h5E−β5 − h4Eβ5
~W (33) ↔ −h6E−β5−β6 + h4Eβ5+β6
~W (48) ↔ h7E−β5−β6−β7 − h4Eβ5+β6|β7
~W (34) ↔ h6E−β6 + h5Eβ6
~W (49) ↔ −h7E−β6−β7 − h5Eβ6+β7
~W (50) ↔ h7E−β7 − h6Eβ7
5.1 Comparison with Hull’s results and description of the algebras
We can now compare the results we have obtained with those obtained twelve years ago by
Hull [24] and verify that the set of gaugings he had obtained by his own method did exhaust
the set of possible N=8 theories. The names we have given to the algebras we have retrieved
in our exhaustive search are the same names of his own algebras, since the two sets coincide.
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To illustrate this one–to-one correspondence we briefly recall Hull’s method of construction
and we describe the theories he obtained in addition to de Wit–Nicolai theory [17]: this latter
corresponds to gauging the maximal compact subalgebra of SL(8, IR) which is SO(8) and whose
generators have the form Eβ−E−β , β ranging on all the positive roots of SL(8, IR). This was the
first gauging to be studied at the beginning of the eighties. Later Hull found a new class of non–
compact gaugings of the N = 8 theory consistent with the field dependent T–identities. These
new gauge algebras Kξ(p, q), p + q = 8 were obtained from SO(8) through the conjugation of
the latter by means of a one–parameter SL(8, IR) transformation E(t) generated by a suitable
Cartan generator H(p,q). For all the possible choices of the integers (p, q) p + q = 8, H(p,q)
is defined as the Cartan generator associated with the simple weight λp corresponding to βp
and therefore it commutes with the SL(p, IR) and SL(q, IR) subalgebras of SL(8, IR) described
by the root systems {γ1} = {β1, . . . , βp−1} and {γ2} = {βp+1, . . . , β7} respectively. Therefore
the conjugation through E(t) = Exp(−tH(p,q)) leaves the subgroups SO(p)⊗ SO(q) ⊂ SO(8)
invariant while it acts non trivially on the remaining p× q generators in the (p,q) of the form
Eβ −E−β, in which β varies on the positive roots containing βp. As far as the vector fields are
concerned, the 28 electric vectors decompose with respect to SO(p) ⊗ SO(q) in the following
way:
28→ Adj(SO(p)) + Adj(SO(q)) + (p,q) (94)
Let a, b, c (a < 0) be the eigenvalues of H(p,q) on Adj(SO(p)), Adj(SO(q)) and (p,q) respec-
tively. Applying the transformation E(t) to the vector fields as well yields the following grading
of the electric vectors (up to a redefinition of the coupling constant):
AABµ ≡ {Apµ, Aqµ, A(p,q)µ } → {Apµ, ξAqµ,
√
ξA(p,q)µ }
ξ = e(a−b)t
√
ξ = e(a−c)t (95)
This grading can be transferred from the vector fields AABµ to the corresponding SO(8) genera-
tors TAB. The combined action of the conjugation by means of E(t) and of the aforementioned
grading on the SO(8) algebra yields an algebra Kξ(p, q), which, once t is extended analytically
to complex values, is different from SO(8). In particular Kξ(p, q) has the following form:
Kξ(p, q) :

SO(8) ξ = 1
SO(p, q) ξ = −1
CSO(p, q) ≡ SO(p)⊕ (p,q)nil ξ = 0
(96)
where (p,q)nil consists of the shift operators Eβ such that β contains the simple root βp.
Our classification includes all these algebras. In addition it also includes another kind of
gauging corresponding to a different real form of CSO(p, q), namely of the form SO(p1, p2) ⊕
(p,q)nil p1 + p2 = p, p + q = 8. Indeed, by varying the possible combinations of the hi
parameters we obtain algebras of the same dimensions as the Kξ(p, q), but corresponding to
more general real forms. These additional real forms were also mentioned as a possibility by
Hull in [24], although he did not made an explicit construction of such cases.
As many time stressed it appears from this classification that the SO(8) Lie algebra, its
non–compact real forms and the full set of all possible contractions thereof exhaust the set of
N = 8 theories.
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6 Comments on abelian gaugings and conclusions
We can now discuss the question of abelian gaugings that was the original motivation for the
investigation we have performed.
As it appears by inspection of the table in eq.(93), among all the possible gaugings there
is only one that is fully abelian, namely the case CSO(1, 7) corresponding to the choice h8 =
1, hi = 0(i 6= 8). The abelian character of this algebra is manifest from its signature that
displays 28 zeros and its the only one to do so. In this case it also appears that the number
of generators that are actually gauged is 7. This seems to be a confirmation of the prediction
made in [22]. There we had considered the possibility of gauging a subideal of the maximal
abelian ideal of the solvable Lie algebra generating the E7(7)/SU(8) coset. We had come to the
conclusion that the maximal gaugeable subideal was of dimension 7. Such a conclusion was
simply based on the request that the 28 representation should contain a number of singlets
equal to the number of abelian generators to be gauged. However the algebraic t–identities had
not yet been taken into account so the existence of the gauging could not yet be established.
Finding a unique 7–dimensional abelian gauging is very encouraging but unfortunately it can
be seen that this abelian algebra is not part of the maximal abelian ideal ID+6 since in addition
to positive roots {β1 + β2, . . . , β1 + β2 + β3 + β4 + β5 + β6 + β7} ⊂ ID+6 it contains the root
β1 ∈ ID+5 . Hence, although we have an abelian gauging, it doesn’t correspond to gauging only
translational global symmetries of the theory, the latter being associated with elements of the
maximal abelian ideal A7. This makes the existence of flat directions doubtful and typically
destroys our hopes of obtaining a spontaneous breaking of supersymmetry in Minkowski space.
Yet in order to put such a conclusion on firm grounds one should make a systematic investigation
of the scalar potentials generated by these gaugings and study their critical points. Such an
analysis is at the moment non existing and would deserve further study.
6.1 Gauged supergravity and p–branes
More generally while the relation between theM2–brane solution and SO(8)–gauged supergrav-
ity has been established leading to a new exciting duality between Kaluza–Klein supergravity
and world–volume conformal field theories [30, 11, 31, 32, 33, 34], such a relation for the non
compact gaugings is so far neither established nor explored. It is clearly a stimulating question,
but in order to address it one had to have an exhaustive classification of the available cases and
this is what we have done in the present paper.
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Table 1: Weights of the 56 representation of E7(7):
Weight qℓ Weight qℓ
name vector name vector
~W (1) = {2, 3, 4, 5, 3, 3, 1} ~W (2) = {2, 2, 2, 2, 1, 1, 1}
~W (3) = {1, 2, 2, 2, 1, 1, 1} ~W (4) = {1, 1, 2, 2, 1, 1, 1}
~W (5) = {1, 1, 1, 2, 1, 1, 1} ~W (6) = {1, 1, 1, 1, 1, 1, 1}
~W (7) = {2, 3, 3, 3, 1, 2, 1} ~W (8) = {2, 2, 3, 3, 1, 2, 1}
~W (9) = {2, 2, 2, 3, 1, 2, 1} ~W (10) = {2, 2, 2, 2, 1, 2, 1}
~W (11) = {1, 2, 2, 2, 1, 2, 1} ~W (12) = {1, 1, 2, 2, 1, 2, 1}
~W (13) = {1, 1, 1, 2, 1, 2, 1} ~W (14) = {1, 2, 2, 3, 1, 2, 1}
~W (15) = {1, 2, 3, 3, 1, 2, 1} ~W (16) = {1, 1, 2, 3, 1, 2, 1}
~W (17) = {2, 2, 2, 2, 1, 1, 0} ~W (18) = {1, 2, 2, 2, 1, 1, 0}
~W (19) = {1, 1, 2, 2, 1, 1, 0} ~W (20) = {1, 1, 1, 2, 1, 1, 0}
~W (21) = {1, 1, 1, 1, 1, 1, 0} ~W (22) = {1, 1, 1, 1, 1, 0, 0}
~W (23) = {3, 4, 5, 6, 3, 4, 2} ~W (24) = {2, 4, 5, 6, 3, 4, 2}
~W (25) = {2, 3, 5, 6, 3, 4, 2} ~W (26) = {2, 3, 4, 6, 3, 4, 2}
~W (27) = {2, 3, 4, 5, 3, 4, 2} ~W (28) = {2, 3, 4, 5, 3, 3, 2}
~W (29) = {1, 1, 1, 1, 0, 1, 1} ~W (30) = {1, 2, 3, 4, 2, 3, 1}
~W (31) = {2, 2, 3, 4, 2, 3, 1} ~W (32) = {2, 3, 3, 4, 2, 3, 1}
~W (33) = {2, 3, 4, 4, 2, 3, 1} ~W (34) = {2, 3, 4, 5, 2, 3, 1}
~W (35) = {1, 1, 2, 3, 2, 2, 1} ~W (36) = {1, 2, 2, 3, 2, 2, 1}
~W (37) = {1, 2, 3, 3, 2, 2, 1} ~W (38) = {1, 2, 3, 4, 2, 2, 1}
~W (39) = {2, 2, 3, 4, 2, 2, 1} ~W (40) = {2, 3, 3, 4, 2, 2, 1}
~W (41) = {2, 3, 4, 4, 2, 2, 1} ~W (42) = {2, 2, 3, 3, 2, 2, 1}
~W (43) = {2, 2, 2, 3, 2, 2, 1} ~W (44) = {2, 3, 3, 3, 2, 2, 1}
~W (45) = {1, 2, 3, 4, 2, 3, 2} ~W (46) = {2, 2, 3, 4, 2, 3, 2}
~W (47) = {2, 3, 3, 4, 2, 3, 2} ~W (48) = {2, 3, 4, 4, 2, 3, 2}
~W (49) = {2, 3, 4, 5, 2, 3, 2} ~W (50) = {2, 3, 4, 5, 2, 4, 2}
~W (51) = {0, 0, 0, 0, 0, 0, 0} ~W (52) = {1, 0, 0, 0, 0, 0, 0}
~W (53) = {1, 1, 0, 0, 0, 0, 0} ~W (54) = {1, 1, 1, 0, 0, 0, 0}
~W (55) = {1, 1, 1, 1, 0, 0, 0} ~W (56) = {1, 1, 1, 1, 0, 1, 0}
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Table 2: The choice of the order of the SL(8, IR) roots:
ρ1 ≡ β2
ρ2 ≡ β2 + β3
ρ3 ≡ β2 + β3 + β4
ρ4 ≡ β2 + β3 + β4 + β5
ρ5 ≡ β2 + β3 + β4 + β5 + β6
ρ6 ≡ β3
ρ7 ≡ β3 + β4
ρ8 ≡ β3 + β4 + β5
ρ9 ≡ β3 + β4 + β5 + β6
ρ10 ≡ β4
ρ11 ≡ β4 + β5
ρ12 ≡ β4 + β5 + β6
ρ13 ≡ β5
ρ14 ≡ β5 + β6
ρ15 ≡ β6
ρ16 ≡ β1 + β2 + β3 + β4 + β5 + β6 + β7
ρ17 ≡ β2 + β3 + β4 + β5 + β6 + β7
ρ18 ≡ β3 + β4 + β5 + β6 + β7
ρ19 ≡ β4 + β5 + β6 + β7
ρ20 ≡ β5 + β6 + β7
ρ21 ≡ β6 + β7
ρ22 ≡ β1
ρ23 ≡ β1 + β2
ρ24 ≡ β1 + β2 + β3
ρ25 ≡ β1 + β2 + β3 + β4
ρ26 ≡ β1 + β2 + β3 + β4 + β5
ρ27 ≡ β1 + β2 + β3 + β4 + β5 + β6
ρ28 ≡ β7
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Table 3: The embedding matrix for positive roots of SL(8, IR):
Eρ1 Eρ2 Eρ3 Eρ4 Eρ5 Eρ6 Eρ7
W29 0 0 0 0 0 0 0
W30 0 0 0 0 −h1 0 0
W31 ℓ17 0 0 0 −ℓ3 0 0
W32 0 −ℓ17 0 0 −ℓ5 ℓ18 0
W33 0 0 ℓ17 0 −ℓ8 0 −ℓ18
W34 0 0 0 −ℓ17 −ℓ12 0 0
W35 −h1 0 0 0 0 0 0
W36 0 h1 0 0 0 −ℓ3 0
W37 0 0 −h1 0 0 0 ℓ3
W38 0 0 0 h1 0 0 0
W39 ℓ12 0 0 ℓ3 0 0 0
W40 0 −ℓ12 0 ℓ5 0 ℓ13 0
W41 0 0 ℓ12 ℓ8 0 0 −ℓ13
W42 ℓ8 0 −ℓ3 0 0 0 h2
W43 ℓ5 ℓ3 0 0 0 −h2 0
W44 0 −ℓ8 −ℓ5 0 0 ℓ9 ℓ6
W45 0 0 0 0 0 0 0
W46 −ℓ1 0 0 0 0 0 0
W47 0 ℓ1 0 0 0 −ℓ2 0
W48 0 0 −ℓ1 0 0 0 ℓ2
W49 0 0 0 ℓ1 0 0 0
W50 0 0 0 0 −ℓ1 0 0
W51 0 0 0 0 0 0 0
W52 ℓ23 0 0 0 0 0 0
W53 0 −ℓ23 0 0 0 −ℓ24 0
W54 0 0 ℓ23 0 0 0 ℓ24
W55 0 0 0 −ℓ23 0 0 0
W56 0 0 0 0 ℓ23 0 0
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Table 4: The embedding matrix for positive roots of SL(8, IR) (continued ) :
Eρ8 Eρ9 Eρ10 Eρ11 Eρ12 Eρ13 Eρ14
W29 0 0 0 0 0 0 0
W30 0 ℓ3 0 0 −ℓ5 0 ℓ8
W31 0 h2 0 0 −ℓ6 0 ℓ9
W32 0 ℓ6 0 0 h3 0 −ℓ10
W33 0 ℓ9 −ℓ19 0 ℓ10 0 h4
W34 ℓ18 ℓ13 0 ℓ19 ℓ14 ℓ20 ℓ15
W35 0 0 0 0 0 0 0
W36 0 0 0 0 0 0 0
W37 0 0 −ℓ5 0 0 0 0
W38 −ℓ3 0 0 ℓ5 0 −ℓ8 0
W39 −h2 0 0 ℓ6 0 −ℓ9 0
W40 −ℓ6 0 0 −h3 0 ℓ10 0
W41 −ℓ9 0 −ℓ14 −ℓ10 0 −h4 0
W42 0 0 −ℓ6 0 0 0 0
W43 0 0 0 0 0 0 0
W44 0 0 h3 0 0 0 0
W45 0 0 0 0 0 0 0
W46 0 0 0 0 0 0 0
W47 0 0 0 0 0 0 0
W48 0 0 −ℓ4 0 0 0 0
W49 −ℓ2 0 0 ℓ4 0 −ℓ7 0
W50 0 ℓ2 0 0 −ℓ4 0 ℓ7
W51 0 0 0 0 0 0 0
W52 0 0 0 0 0 0 0
W53 0 0 0 0 0 0 0
W54 0 0 ℓ25 0 0 0 0
W55 −ℓ24 0 0 −ℓ25 0 −ℓ26 0
W56 0 ℓ24 0 0 ℓ25 0 ℓ26
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Table 5: The embedding matrix for positive roots of SL(8, IR) (continued ) :
Eρ15 Eρ16 Eρ17 Eρ18 Eρ19 Eρ20 Eρ21
W29 0 −h8 −ℓ23 −ℓ24 −ℓ25 −ℓ26 −ℓ27
W30 −ℓ12 0 0 0 0 0 0
W31 −ℓ13 0 0 0 0 0 0
W32 ℓ14 0 0 0 0 0 0
W33 −ℓ15 0 0 0 0 0 0
W34 h5 0 0 0 0 0 0
W35 0 0 0 0 0 0 0
W36 0 0 0 0 0 0 0
W37 0 0 0 0 0 0 0
W38 0 0 0 0 0 0 0
W39 0 0 0 0 0 0 0
W40 0 0 0 0 0 0 0
W41 0 0 0 0 0 0 0
W42 0 0 0 0 0 0 0
W43 0 0 0 0 0 0 0
W44 0 0 0 0 0 0 0
W45 0 −ℓ23 h1 −ℓ3 ℓ5 −ℓ8 ℓ12
W46 0 ℓ24 ℓ3 −h2 ℓ6 −ℓ9 ℓ13
W47 0 −ℓ25 ℓ5 −ℓ6 −h3 ℓ10 −ℓ14
W48 0 ℓ26 ℓ8 −ℓ9 −ℓ10 −h4 ℓ15
W49 0 −ℓ27 ℓ12 −ℓ13 −ℓ14 −ℓ15 −h5
W50 −ℓ11 −ℓ28 ℓ17 −ℓ18 −ℓ19 −ℓ20 −ℓ21
W51 0 0 0 0 0 0 0
W52 0 0 0 0 0 0 0
W53 0 0 0 0 0 0 0
W54 0 0 0 0 0 0 0
W55 0 0 0 0 0 0 0
W56 ℓ27 0 0 0 0 0 0
34
Table 6: The embedding matrix for positive roots of SL(8, IR) (continued ) :
Eρ22 Eρ23 Eρ24 Eρ25 Eρ26 Eρ27 Eρ28
W29 0 0 0 0 0 0 ℓ28
W30 −ℓ28 0 0 0 0 ℓ23 0
W31 0 −ℓ28 0 0 0 −ℓ24 0
W32 0 0 ℓ28 0 0 ℓ25 0
W33 0 0 0 −ℓ28 0 −ℓ26 0
W34 0 0 0 0 ℓ28 ℓ27 0
W35 ℓ24 ℓ23 0 0 0 0 0
W36 −ℓ25 0 −ℓ23 0 0 0 0
W37 ℓ26 0 0 ℓ23 0 0 0
W38 −ℓ27 0 0 0 −ℓ23 0 0
W39 0 −ℓ27 0 0 ℓ24 0 0
W40 0 0 ℓ27 0 −ℓ25 0 0
W41 0 0 0 −ℓ27 ℓ26 0 0
W42 0 ℓ26 0 −ℓ24 0 0 0
W43 0 −ℓ25 ℓ24 0 0 0 0
W44 0 0 −ℓ26 ℓ25 0 0 0
W45 −ℓ22 0 0 0 0 0 −ℓ17
W46 0 −ℓ22 0 0 0 0 −ℓ18
W47 0 0 ℓ22 0 0 0 ℓ19
W48 0 0 0 −ℓ22 0 0 −ℓ20
W49 0 0 0 0 ℓ22 0 ℓ21
W50 0 0 0 0 0 −ℓ22 −h6
W51 h8 0 0 0 0 0 0
W52 0 h8 0 0 0 0 0
W53 0 0 −h8 0 0 0 0
W54 0 0 0 h8 0 0 0
W55 0 0 0 0 −h8 0 0
W56 0 0 0 0 0 h8 0
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Table 7: The embedding matrix for negative roots of SL(8, IR) :
E−ρ1 E−ρ2 E−ρ3 E−ρ4 E−ρ5 E−ρ6 E−ρ7
W29 0 0 0 0 0 0 0
W30 ℓ18 ℓ19 ℓ20 ℓ21 h6 0 0
W31 0 0 0 0 0 −ℓ19 −ℓ20
W32 0 0 0 0 0 0 0
W33 0 0 0 0 0 0 0
W34 0 0 0 0 0 0 0
W35 h2 −ℓ6 ℓ9 −ℓ13 ℓ18 −ℓ5 ℓ8
W36 ℓ6 h3 −ℓ10 ℓ14 −ℓ19 0 0
W37 ℓ9 ℓ10 h4 −ℓ15 ℓ20 0 0
W38 ℓ13 ℓ14 ℓ15 h5 −ℓ21 0 0
W39 0 0 0 0 0 −ℓ14 −ℓ15
W40 0 0 0 0 0 0 0
W41 0 0 0 0 0 0 0
W42 0 0 0 0 0 −ℓ10 −h4
W43 0 0 0 0 0 −h3 ℓ10
W44 0 0 0 0 0 0 0
W45 −ℓ2 ℓ4 −ℓ7 ℓ11 −ℓ16 0 0
W46 0 0 0 0 0 −ℓ4 ℓ7
W47 0 0 0 0 0 0 0
W48 0 0 0 0 0 0 0
W49 0 0 0 0 0 0 0
W50 0 0 0 0 0 0 0
W51 −ℓ24 −ℓ25 −ℓ26 −ℓ27 ℓ28 0 0
W52 0 0 0 0 0 ℓ25 ℓ26
W53 0 0 0 0 0 0 0
W54 0 0 0 0 0 0 0
W55 0 0 0 0 0 0 0
W56 0 0 0 0 0 0 0
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Table 8: The embedding matrix for negative roots of SL(8, IR) (continued) :
E−ρ8 E−ρ9 E−ρ10 E−ρ11 E−ρ12 E−ρ13 E−ρ14
W29 0 0 0 0 0 0 0
W30 0 0 0 0 0 0 0
W31 −ℓ21 −h6 0 0 0 0 0
W32 0 0 ℓ20 ℓ21 h6 0 0
W33 0 0 0 0 0 −ℓ21 −h6
W34 0 0 0 0 0 0 0
W35 −ℓ12 ℓ17 0 0 0 0 0
W36 0 0 −ℓ8 ℓ12 −ℓ17 0 0
W37 0 0 0 0 0 −ℓ12 ℓ17
W38 0 0 0 0 0 0 0
W39 −h5 ℓ21 0 0 0 0 0
W40 0 0 ℓ15 h5 −ℓ21 0 0
W41 0 0 0 0 0 −h5 ℓ21
W42 ℓ15 −ℓ20 0 0 0 −ℓ13 ℓ18
W43 −ℓ14 ℓ19 −ℓ9 ℓ13 −ℓ18 0 0
W44 0 0 h4 −ℓ15 ℓ20 ℓ14 −ℓ19
W45 0 0 0 0 0 0 0
W46 −ℓ11 ℓ16 0 0 0 0 0
W47 0 0 −ℓ7 ℓ11 −ℓ16 0 0
W48 0 0 0 0 0 −ℓ11 ℓ16
W49 0 0 0 0 0 0 0
W50 0 0 0 0 0 0 0
W51 0 0 0 0 0 0 0
W52 ℓ27 −ℓ28 0 0 0 0 0
W53 0 0 −ℓ26 −ℓ27 ℓ28 0 0
W54 0 0 0 0 0 ℓ27 −ℓ28
W55 0 0 0 0 0 0 0
W56 0 0 0 0 0 0 0
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Table 9: The embedding matrix for negative roots of SL(8, IR) (continued) :
E−ρ15 E−ρ16 E−ρ17 E−ρ18 E−ρ19 E−ρ20 E−ρ21
W29 0 −h7 0 0 0 0 0
W30 0 0 ℓ16 0 0 0 0
W31 0 0 0 −ℓ16 0 0 0
W32 0 0 0 0 ℓ16 0 0
W33 0 0 0 0 0 −ℓ16 0
W34 h6 0 0 0 0 0 ℓ16
W35 0 0 ℓ2 ℓ1 0 0 0
W36 0 0 ℓ4 0 −ℓ1 0 0
W37 0 0 ℓ7 0 0 ℓ1 0
W38 −ℓ17 0 ℓ11 0 0 0 −ℓ1
W39 −ℓ18 0 0 −ℓ11 0 0 −ℓ2
W40 ℓ19 0 0 0 ℓ11 0 −ℓ4
W41 −ℓ20 0 0 0 0 −ℓ11 −ℓ7
W42 0 0 0 −ℓ7 0 ℓ2 0
W43 0 0 0 −ℓ4 −ℓ2 0 0
W44 0 0 0 0 ℓ7 ℓ4 0
W45 0 0 −h7 0 0 0 0
W46 0 0 0 h7 0 0 0
W47 0 0 0 0 −h7 0 0
W48 0 0 0 0 0 h7 0
W49 −ℓ16 0 0 0 0 0 −h7
W50 0 0 0 0 0 0 0
W51 0 ℓ1 −ℓ22 0 0 0 0
W52 0 ℓ2 0 ℓ22 0 0 0
W53 0 ℓ4 0 0 −ℓ22 0 0
W54 0 ℓ7 0 0 0 ℓ22 0
W55 ℓ28 ℓ11 0 0 0 0 −ℓ22
W56 0 ℓ16 0 0 0 0 0
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Table 10: The embedding matrix for negative roots of SL(8, IR) (continued) :
E−ρ22 E−ρ23 E−ρ24 E−ρ25 E−ρ26 E−ρ27 E−ρ28
W29 −ℓ1 −ℓ2 ℓ4 −ℓ7 ℓ11 −ℓ16 0
W30 0 0 0 0 0 0 ℓ1
W31 0 0 0 0 0 0 ℓ2
W32 0 0 0 0 0 0 ℓ4
W33 0 0 0 0 0 0 ℓ7
W34 0 0 0 0 0 0 ℓ11
W35 0 0 0 0 0 0 0
W36 0 0 0 0 0 0 0
W37 0 0 0 0 0 0 0
W38 0 0 0 0 0 0 0
W39 0 0 0 0 0 0 0
W40 0 0 0 0 0 0 0
W41 0 0 0 0 0 0 0
W42 0 0 0 0 0 0 0
W43 0 0 0 0 0 0 0
W44 0 0 0 0 0 0 0
W45 0 0 0 0 0 0 0
W46 0 0 0 0 0 0 0
W47 0 0 0 0 0 0 0
W48 0 0 0 0 0 0 0
W49 0 0 0 0 0 0 0
W50 0 0 0 0 0 0 h7
W51 h1 ℓ3 −ℓ5 ℓ8 −ℓ12 ℓ17 0
W52 ℓ3 h2 −ℓ6 ℓ9 −ℓ13 ℓ18 0
W53 ℓ5 ℓ6 h3 −ℓ10 ℓ14 −ℓ19 0
W54 ℓ8 ℓ9 ℓ10 h4 −ℓ15 ℓ20 0
W55 ℓ12 ℓ13 ℓ14 ℓ15 h5 −ℓ21 0
W56 ℓ17 ℓ18 ℓ19 ℓ20 ℓ21 h6 ℓ22
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Table 11: The embedding matrix for Cartan generators of SL(8, IR) :
C1 C2 C3 C4 C5 C6 C7
W29 ℓ22 2 ℓ22 3 ℓ22 4 ℓ22 2 ℓ22 3 ℓ22 2 ℓ22
W30 −ℓ17 −ℓ17 −ℓ17 −ℓ17 0 −ℓ17 0
W31 0 −ℓ18 −ℓ18 −ℓ18 0 −ℓ18 0
W32 0 0 ℓ19 ℓ19 0 ℓ19 0
W33 0 0 0 −ℓ20 0 −ℓ20 0
W34 0 0 0 0 0 ℓ21 0
W35 −ℓ3 0 0 0 0 0 0
W36 −ℓ5 −ℓ5 0 0 0 0 0
W37 −ℓ8 −ℓ8 −ℓ8 0 0 0 0
W38 −ℓ12 −ℓ12 −ℓ12 −ℓ12 0 0 0
W39 0 −ℓ13 −ℓ13 −ℓ13 0 0 0
W40 0 0 ℓ14 ℓ14 0 0 0
W41 0 0 0 −ℓ15 0 0 0
W42 0 −ℓ9 −ℓ9 0 0 0 0
W43 0 −ℓ6 0 0 0 0 0
W44 0 0 ℓ10 0 0 0 0
W45 ℓ1 ℓ1 ℓ1 ℓ1 0 ℓ1 ℓ1
W46 0 ℓ2 ℓ2 ℓ2 0 ℓ2 ℓ2
W47 0 0 ℓ4 ℓ4 0 ℓ4 ℓ4
W48 0 0 0 ℓ7 0 ℓ7 ℓ7
W49 0 0 0 0 0 ℓ11 ℓ11
W50 0 0 0 0 0 0 ℓ16
W51 0 ℓ23 2 ℓ23 3 ℓ23 2 ℓ23 2 ℓ23 ℓ23
W52 −ℓ24 −ℓ24 −2 ℓ24 −3 ℓ24 −2 ℓ24 −2 ℓ24 −ℓ24
W53 ℓ25 2 ℓ25 2 ℓ25 3 ℓ25 2 ℓ25 2 ℓ25 ℓ25
W54 −ℓ26 −2 ℓ26 −3 ℓ26 −3 ℓ26 −2 ℓ26 −2 ℓ26 −ℓ26
W55 ℓ27 2 ℓ27 3 ℓ27 4 ℓ27 2 ℓ27 2 ℓ27 ℓ27
W56 ℓ28 2 ℓ28 3 ℓ28 4 ℓ28 2 ℓ28 3 ℓ28 ℓ28
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